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The aim of the present paper is to apply the Laguerre polynomials method for
the analytical solution of the Altarelli- Martinelli equation. We use this method
of the low x gluon distribution to the longitudinal structure function using MRST
partons as input. Having checked that this model gives a good description of the
data to predict of the longitudinal structure function at leading and next to leading
order analysis at low x.
The longitudinal structure function FL(x,Q
2) comes as a consequence of the violation
of Callan- Gross relation [1] and is defined as FL(x,Q
2) = F2(x,Q
2) − 2xF1(x,Q
2), where
F2(x,Q
2) is the transverse structure function. As usual x is the Bjorken scaling parameter
and Q2 is the four momentum transfer in a deep inelastic scattering process. In the quark
parton model (QPM) the structure function F2 can be expressed as a sum of the quark-
antiquark momentum distributions xqi(x) weighted with the square of the quark electric
charges ei: F2(x) =
∑
ie
2
ix(qi(x) + qi(x)). For spin
1
2
partons QPM also predicts FL(x) = 0,
which leads to the Callan- Gross relation. This does not hold when the quarks acquire
transverse momenta from QCD radiation [2,3]. The naive QPM has to be modified in
QCD as quarks interact through gluons, and can radiate gluons. Radiated gluons, in turn,
can split into quark- antiquark pairs (sea quarks) or gluons. The gluon radiation results
in a transverse momentum component of the quarks. Thus, in QCD the longitudinal
structure function is non- zero. Due to its origin, FL is directly dependent to the gluon
distribution in the proton and therefore the measurement of FL provides a sensitive test of
perturbative QCD [4]. In this way, the next- to- leading order (NLO) corrections to the longi-
tudinal structure function are large and negative, valid to be at small x as shown at Refs.5-7.
As an illustration of this analysis, let us consider the Laguerre polynomials method
for solving the Altarelli- Martinelli equation[8]. In recent years, Laguerre polynomials
method have proved to be valuable tools for the solving of the DGLAP [9] equations by
iterating the evolution over infinitesimal steps in the fractional momentum x [10,11]. This
method yield numerical solutions for DGLAP evolution equations. Here we use Laguerre
polynomials method, that it is useful for obtaining an analytical solution to the longitudinal
structure function in the Leading and Next to Leading order analysis. The method is based
on the search for a solution in the form of a series and on decomposing of the Altarelli-
Martinelli equation kernels into a series in which the terms are calculated recursively using
the Laguerre polynomials method.
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2I) Firstly, let us present a brief outline of the Laguerre polynomials method in general.
For this, the Laguerre polynomials are defined as:
(n + 1)Ln+1(x) = (2n + 1− x)Ln(x)− nLn−1(x), (1)
and orthogonality condition is defined as:∫ ∞
0
e−x´Ln(x´)Lm(x´)dx´ = δn,m. (2)
The general integrable function f(e−x´) is decomposed into the sum:
f(e−x´) =
N∑
0
f(n)Ln(x´), (3)
where
f(n) =
∫ ∞
0
e−x´Ln(x´)f(e
−x´)dx´. (4)
II) Secondly, we turn to the perturbative predictions for FL(x,Q
2), as QCD yields the
Altarelli- Martinelli equation. This equation can be written as [2,8,14]:
x−1FL = < e
2 > [
αs
4pi
c
LO
L,g + (
αs
4pi
)2cNLOL,g + ...]⊗g + g→q, (5)
where the coefficient functions cLO+NLOL,g for FL(x,Q
2) can be written as [12-16]:
c
LO
L,g(x) = 8nfx(1− x), (6)
and
c
NLO
L,g (x)
∼=nf [(94.74−49.20x)x1L
2
1+864.8x1L1+1161xL1L0+60.06xL
2
0+39.66x1L0−5.333(x
−1
−1)],
(7)
where used from these abbreviations [14],as:
x1 = 1− x, L0 = Ln(x), L1 = Ln(x1) (8)
and < e2 >= n−1f
∑Nf=4
i=1 e
2
i where < e
2 > stand for the average of the charge e2 for the
active quark flavours.
Now, Eq.(5) shows expliciting the dependence of FL on the strong coupling constant and
the gluon density, as at small x the gluon distribution is the dominant one. Thus the gluonic
contribution F gL to FL in Eq.(5) is reduced to:
x−1F
g
L = < e
2 > [
αs
4pi
c
LO
L,g + (
αs
4pi
)2cNLOL,g + ...]⊗g. (9)
The running coupling constant αs(Q
2) has the approximate analytical form in NLO:
αs(Q
2)
2pi
=
2
β0 ln(
Q2
Λ2
)
[1−
β1 ln ln(
Q2
Λ2
)
β20 ln(
Q2
Λ2
)
], (10)
3where β0 =
1
3
(33 − 2Nf ) and β1 = 102 −
38
3
Nf are the one- loop (LO) and the two- loop
(NLO) correction to the QCD β- function, Nf being the number of active quark flavours
(Nf = 4). In Ref.[17] the authors have suggested that expression (9) at leading order can be
reasonably approximated by FL(x,Q
2)≈0.34αs
3pi
xg(2.5x,Q2), which demonstrates the close
relation between the longitudinal structure function and the gluon distribution.
III) Thirdly, In what follows we calculate F gL using the the Laguerre polynomials method.
We used the variable transformation, x = e−x
′
and y = e−y
′
to get from the Altarelli-
Martinelli equation form to the Laguerre polynomials form. Next, we combine and expand
each terms of this equation on Laguerre polynomials according to relations (3) and (4)
and used this properties as;
∫ x′
0
Ln(x
′ − y′)Lm(y
′)dy′ = Ln+m(x
′) − Ln+m+1(x
′), we find an
equation which determines F gL(x,Q
2) in terms of Laguerre polynomials:
N∑
n=0
F
g
Ln(n,Q
2)Ln(x
′) =
∑
n1,n2
KL,g(n1, Q
2)Gn2(n2, Q
2)[Ln1+n1(x
′)− Ln1+n1+1(x
′)], (11)
or
F
g
Ln(n,Q
2) =
n∑
m=0
G(m,Q2)[KL,g(n−m)−KL,g(n−m− 1)], (12)
where KL,g(n) =
αs
4pi
c
LO
L,g(n) + (
αs
4pi
)2cNLOL,g (n) and G(n,Q
2) =
∫∞
0
e−x´Ln(x´)G(e
−x´, Q2)dx´.
Therefore we find the solution of the longitudinal structure function defined by solving
this recursion relation, as:
F
g
L(x,Q
2) =
N∑
n=0
F
g
Ln(n,Q
2)Ln(Ln
1
x
). (13)
This result is completely general and gives the LO and NLO expression for the longitudinal
structure function once the gluon distribution is known with help of other standard
gluon distribution function [15-16,18-23]. Here we can expand the integrable functions
till a finite order N = 30, as we can convergence these series in the numerical determinations.
We computed the predictions for all detail of the longitudinal structure function in the
kinematic range where it has been measured by H1 collaboration [24-27] and compared
with DL model [22] based on hard Pomeron exchange, also compared with computation
Moch, Vermaseren and Vogt [14-16] at the second order with input data from MRST and
also with Block model [23]. Our numerical predictions are presented as functions of x for
the Q2 =20 GeV 2. The average value Λ in our calculations is corresponding to ≃0.22GeV
at LO and corresponding to ≃0.323GeV at NLO [19]. The results are presented in Fig.1
where they are compared with the very recent H1 data [27] and with the results obtained
with the help of other standard gluon distribution functions.
The curves represent the LO and NLO QCD calculations FL based on a fit to all data.
We compare our results with predictions of FL up to NLO in perturbative QCD that the
input densities is given by MRST parameterizations [19]. Also, we compare our results
with and without the next-to-leading-order corrections with the two pomeron fit as is seen
in Fig.1. We see immediately that the next-to-leading-order corrections have opposite signs
for the standard gluons. To emphasize the size of the next-to-leading-order corrections,
4we show in Fig.2 the ratio (LO+NLO/LO) and compared with respect to MRST gluon
distribution, at Q2 =20 GeV 2. The agreement between the Laguerre polynomials method
and data is remarkably good. The good agreement indicates that the Laguerre polynomials
method has a good asymptotic behavior and it is compatible both with the data and with
the other standard models. These results indicate that the Laguerre polynomials method
is a good method to solve the Altarelli- Martinelli equation for the longitudinal structure
function at LO and NLO analysis. As this model has this advantage that we get a very
elegant solution for the longitudinal structure function. In this case, we will be able to verify
the results between the longitudinal structure function and the gluon distribution function
at the same x point, and these results extend our knowledge about of the longitudinal
structure function into the low- x region.
In summary, we have used the Laguerre polynomials method for low x the gluonic
contribution to the longitudinal structure function, slightly changing the parameters fixed
from previous analysis, to fit HERA data on FL. And also we have obtained an analytic
solution for the longitudinal structure function in the next- to- leading order at low x.
Having checked that this model gives a good description of the data, we have used it
to predict FL to be measured in electron- proton collisions. The results are close to
those obtained with other models. The conclusion of this exercise is that the Laguerre
polynomials method, simple as it is, and has the short time consuming on the numerical
calculations as it is a real advantage to realize fits to PQCD. To confirm the method and
results, the calculated values are compared with the H1 data on the longitudinal structure
function, at small x and QCD fits.
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Figure captions
Fig 1:The values of the gluonic contribution to the longitudinal structure function at
Q2 = 20 GeV 2 in LO and NLO analysis by solving the Altarelli- Martinelli equation with
respect to Laguerre polynomials method that compared with H1 Collab. data (up and
down triangle). The error on the H1 data is the total uncertainty of the determination of
FL representing the statistical, the systematic and the model errors added in quadrature.
Circle data are the MVV prediction [20 ]. The solid line is the NLO QCD fit to the H1
data for y < 0.35 and Q2≥3.5 GeV 2. The dot line is the DL fit [22] and the dash line is a
QCD fit with respect to LO gluon distribution function from Block [23] analysis.
Fig 2:The ratio of the next-to-leading to leading-order, the next-to-leading to MRST
gluonic distribution and the leading-order to MRST predictions for the gluonic distribution
to the longitudinal structure function with respect to the Laguerre polynomials method at
Q2 = 20 GeV 2.
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